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I. INTRODUCTION 
A fractional programming problem arises in many types of 
optimization problem such as portfolio selection, 
production, information theory and numerous decision 
making problems in management science. 

Multi objecive fractional programming duality has been of 
much interest in the recent part. Schaible [1] and Bectar 
et.al. [2] derived Fritz John and Karush-Kuhn Tucker 
necessary, and sufficient optimality condition for a class of 
non-differentiable convex multi objective fractional 
programming problems and established duality theorems. 
Bectar et.al. [3] and Xu [4] gave a mixed type duality for 
fractional programming, established some duality results. 

Several authors, such as the ones of [5, 6, 7, 8, 9], studied 
multi objective non-differentiable multi objective fractional 
problem in which numerators contains support function. 

Motivated by the earlier authors in this paper we introduced 
new type of mixed dual of a non differentiable multi 
objective fractional programming ;problem using 
generalized -convex assumptions. Also we established the 
necessary and sufficient optimality condition. Section 3.5 
deals with conclusion and scope for future work. 

 

II. NOTATIONS AND PRELIMINARIES 

Let Rn be the n-dimensional Euclidean space and nR+  be its 
non –negative orthant. The following conventions for 
inequality will be used in this paper. For any x = (x1, x2, 
…., xn), y = (y1, y2, ….,yn), we denote  

(i) i ix y x y for all i 1, z,.....n> ⇔ > =  
(ii) i ix y x y and x y≥ ⇔ ≥ ≠  

Let x be a non empty open subset of Rn.  

Consider the following non differentiable multiobjective 
fractional programming problem : 

For N = {1, 2, …n}, let 1 2 1J N and J N / J .⊂ =  

Let 1 2J , J  denote the number of elements in the set J1 and 

J2.  

If 1 2J , then J N= φ =  that is 1 2J 0 and J n= =  

Hence 1JR  is zero dimensional Euclidean space and 2JR  
is n-dimensional Euclidean space.  

It is clear that any nx R∈  can be written as  

( ) 1 2J J1 2 1 2x x , x , x R , x R= ∈ ∈  

Let 1 2J J1 2

1 2

f f
: R R and : R R

g g
→ →   be twice 

differentiable functions and ( )Te 1, 1,...1 R= ∈    

(MFP0) minimize F(x) = f(x) / g(x)  

( ) ( ) ( )1 2
1 2F x F x= +MFP1

 

( ) ( )( ) ( ) ( )( )1 1 2 2
1 1 1 2 2 2 x

f x g x f x g x ... lim
→∞

 = − ν + − ν + +
   

( ) ( )( ) ( ) ( )( )1 1 2 2
1 1 1 2 2 2f x g x f x g x for i l,...., . − ν + − ν =       

 

(MFP2) minimize ( ) ( )( )1 2
1 2F x F x ,λ + λ  is  -

dimensional strictly positive vector  

( )F x= λ  
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Subject to ( )h x 0≤  

( ) ( ) ( ) ( )1 2
i 2 jh x h j x h x , j 1, 2, ...m= + =  are differentiable 

functions 1 2J J
1j 2 jh : R R, h : R R,→ →  

1 2J J1 2x R , x R∈ ∈  

We assume that ( ) ( ) n
i if x 0 and g x 0 on R≥ >  for I = 1, 

2, …. k. 

Let ( ){ }n
0 jx x X R : h x 0, j 1, 2,....m= ∈ ⊂ ≤ =  for 

feasible of MFP1 and denote I = {1, 2, ….., k}, M = M = 

{1, 2, ….. m}, ( ){ }1 jJ j M; h x 0= ∈ =  and 

( ){ }2 jJ j M; h x 0= ∈ < . It is obvious that 1 2J J M∪ =  

In the following definition let 
n

if : X R, : X X R , R+→ η × → ρ∈  

Definition 2.1 : f is said to be -invex at x X∈  with 
respect to  if  

 

( ) ( ) ( ) ( )
2T

i i if x f x x, x f x x x , x X− ≥ η ∇ + ρ − ∀ ∈  

Definition 2.2 : f is said to be -psudo invex at x X∈  with 
respect to  if  

( ) ( )
2T

ix, x f x x x 0η ∇ + ρ − ≥  

( ) ( )i if x f x 0 x X⇒ − ≥ ∀ ∈  

Definition 2.3 : fi is  said to be -quasiinvex at x X∈  with 
respect to  if  

( ) ( )i if x f x 0− ≤  

( ) ( )
2T

ix, x f x x x 0, x X.⇒ η ∇ + ρ − ≤ ∀ ∈  

Definition 2.4 : A feasible point x  is said to be efficient 
for ( )MFPO  if there exist no other feasible point x in 

(MFPO) such that  

( ) ( ) ( ) ( )i i r rF x F x , i 1, 2, ....k and F x F x≤ = <  for some 

( )r 1, 2,....k∈  

Definition 2.5 : A feasible point x  is said to be properly 
efficient for ( )MFPO , if it is efficient and there exist M > 0 

such that for each I = (1, 2, … k) and for all feasible point x 

in ( )MFPO  satisfying ( ) ( )i iF x F x< , we have 

( ) ( ) ( ) ( )( )i i r rF x F x M F x F x− ≤ −  for some r such that 

( ) ( )r rF x F x .>
 

 

III. LEMMA 

Lemma 3.1 : If 0x  is an optimal solution of MFP1 then 0x  is properly efficient for MFPO. 

Lemma 3.2 : If 0x  is an efficient solution for MFPO iff it is an efficient solution of MFP1 with ( )0F x 0= . 

Lemma 3.3 : (Necessary optimal condition) 

If x X∈  is an optimal solution of ( )MFPO  such that  

( ) ( ) ( ) ( ) ( )
k m

t
i i i i i i

i 1 i 1
F x y h x f x g x y h x 0

= =

 ∇λ + ∇ = λ ∇ − ν ∇ + ∇ = ∑ ∑     [3.3.1] 

( ) ( ) ( )i i i iF x f x g x 0= − ν =         [3.3.2] 

( )Ty h x 0=           [3.3.3] 

y 0≥            [3.3.4] 

i 0, i 1, 2, .... kν ≥ =            [3.3.5] 

Lemma 3.4 : (Sufficient optimality condition) 
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Let 0x X∈  be a feasible solution of (MFPO) and there exist m

i iR , R and y R+ +λ ∈ ν ∈ ∈  satisfying the condition in Lemma 

3.1 at x .  

Furthermore suppose that any one of the condition (a) or (b) holds  

(a) ( ) ( ) ( ) ( )
k m

i i i i j j
i 1 j 1

x f x g x y h x
= =

ρ = λ  − ν  + ∑ ∑  is -pseudo invex with respect to  at 0x X∈  

(b) ( ) ( ) ( )
k

i i i i
i 1

Q x f x g x
=

= λ  − ν  ∑  is -pseudo invex and ( ) ( )
m

; j
j 1

H x y h x
=

= ∑  is -quasi invex with respect to 

0, at x Xρ η ∈ . Then x  is an efficient solution of (MFPO). 

Proof : 

Suppose hypothesis (a) holds. 

Since the conditions of Lemma 3.3.3 are satisfied, from 3.3.1, we have ( )p x 0.∇ =  So for ( ) nx, x Rη ∈ , we can write 

( ) ( )T
x, x p x 0.η ∇ =  For TRρ∈ , we have ( ) ( ) 2

x, x p x x x 0
Τ

η ∇ + ρ − ≥   

Since p(x) is -pseudo invex with respect to 0, at x Xη ρ ∈ , we have ( ) ( )( )p x p x 0− ≥  and  

( ) ( ) ( )
k m

i i i i j j
i 1 j 1

f x g x y h x
= =

λ  − ν  + ≥ ∑ ∑ ( ) ( ) ( )
k m

i i i i j j
i 1 j 1

f x g x y h x
= =

 λ − ν + ∑ ∑     (3.3.6) 

Suppose x  is not  efficient solution of MFP1, then there exist 0x X∈  such that  

( ) ( ) ( ) ( )i i i i i if x g x f x g x ,i 1, 2,...k− ν ≤ − ν =  and ( ) ( ) ( ) ( )i i i i i if x g x f x g x− ν < − ν  for some i ∈ (1, 2, …k). The above relation 

together with the relation i 0λ >  implies that  

( ) ( ) ( ) ( )
k k

i i i i i i i i
i 1 i 1

f x g x f x g x
= =

 λ  − ν  < λ − ν   ∑ ∑        (3.3.7) 

From the relation (3.2.1), (3.2.1) and (3.2.4), we get 

( ) ( )
k m

j j j
j 1 j 1

h x y h x
= =

≤∑ ∑           (3.3.8) 

Consequently (3.3.7) and (3.3.8) yields  

( ) ( ) ( ) ( ) ( ) ( )
k m k m

i i i i j j i i i i j j
i 1 j 1 i 1 j 1

f x g x y h x f x g x y h x
= = = =

 λ  − ν  + < λ − ν +   ∑ ∑ ∑ ∑  

This contradicts (3.3.6) 

Hence x  is an efficient solution for (MFP1).  

Again suppose hypothesis (b) holds 

From the relation (3.2.1), (3.3.3) and (3.2.4), we get  

( ) ( ) ( ) ( )
m m

j j j j
j 1 j 1

y h x y h x H x H x
= =

≤ ⇒ ≤∑ ∑  
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( ) ( ) ( ){ }k x, x H x H x 0.⇒ ψ − ≤  

Hence the -quasi invexity of H(x) with respect to  implies  

( ) ( ) 2T
x, x H x x x 0η ∇ + ρ − ≤ ( ) ( )T

x, x H x 0⇒ η ∇ ≤       (3.3.9) 

From (3.3.1), we get  

( ) ( )( ) ( )
k m

i i i i i i
i 1 i 1

f x g x y h x 0
= =

 λ ∇ − ν ∇ + ∇ = ∑ ∑  

( ) ( )Q x H x 0⇒∇ +∇ =   

( ) ( ) ( )T
x, x Q x H x 0 ⇒ η ∇ +∇ =   

( ) ( ) ( ) ( )T T
x, x Q x x, x H x 0⇒ η ∇ + η ∇ =        [3.3.10] 

Using (3.3.9) in (3.3.10), we get ( ) ( )T
x, x Q x 0. For R+η ∇ ≥ ρ∈ , we have 

 ( ) ( )
2T

x, x Q x x x 0η ∇ + ρ − ≥  

Since Q(x) is -pseudo invex wih respect to , we obtained ( ) ( )Q x Q x 0.− ≥  

( ) ( ) ( ) ( )
k k

i i i i i i i i
i 1 i 1

f x g x f x g x
= =

 ⇒ λ  − ν  ≥ λ − ν   ∑ ∑       (3.3.11) 

If x  was not an efficient solution to (MFP1), then from (3.3.6), we have  

( ) ( ) ( ) ( )
k k

i i i i i i i
i 1 i 1

f x g x f x g x
= =

 λ  − ν  < λ − ν   ∑ ∑   

This contradicts (3.3.11) 

Therefore x  is an efficient solution for (MFP1) 

 

IV. MIXED DUALITY IN FRACTIONAL PROGRAMMING 
Dual problem : 

( ) ( )
( )

( )
( )

( )
( )

2
2i1i

2
1i 2i

f uf u f u '
MFDO Maximize

g u g u ' g u
= = +  

Maximize ( ) ( )
( )

f u
F u

g u
=  

( ) ( )1 2
1 2F u F u= +  
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( )
( )

( )
( )

1 2
1i 2i

1 2
1i 2i

f f u
i 1,....,

g u g u

µ
= + =   

( ) ( ) ( )( ) ( ) ( )( )1 1 2 2
1i 1i 1i 2i 2i 2if u g u f u g u= − ν + − ν  

(MFD1) maximize ( ) ( )( ) ( ) ( )( )1 1 2 2
11 11 11 21 21 21f u g u f u g u ,.... − ν + − ν 

 

( ) ( )( ) ( ) ( )( )1 1 2 2
1 1 1 2 2 2f u g u f u g u − ν + − ν        

( ) ( )( ) ( )1F u ...F u F u= =  

(MFD2) maximize  ( ) iF u , R , i 1, ...+λ λ ∈ =   

All with subject to same constraint. 

( ) ( )1 T 1
1 1j 1jF u y h u 0 ∇ λ + =          (3.4.5) 

and ( ) ( )2 T 2
2 1J 1jF u y h u 0, ∇ λ + =   

( ) ( ) ( )1 T 1 1
1i 1j 1j 1i 1if u y h u g u 0+ − ν ≥  for i = 1, …., k, 

and ( ) ( ) ( )2 T 2 2
2i 2 j 2 j 2i 2if u y h u v g u 0+ − ≥  for i = 1, …k      (3.4.6) 

( ) ( ) 1m jT 1 T 2
2 j 2 j 2 j 2 j 2 jy h u 0, y h u 0 y R −≥ ≥ ∈       (3.4.7) 

1 2
1i 2iu 0 u 0 ; , 0≥ ≥ ν ν ≥          (3.4.8) 

Theorem 4.1 (weak duality) 

Let x be a feasible solution for the primal and ( )0u , y,ν  be feasible for dual  

If ( ) ( ) ( ) ( )T
i ij ij i iF u f u y h u g u , i 1, i,...k= + − ν =  is ρ-pseudo invex with respect to η, ρ, for  

( )1m j T
2 j 2 j 2 jy R , y h u−∈  is ρ -quasi invex with respect to η, ρ, then  

( )( ) ( )( )Inf F x Sup F uλ ≥ λ   

Proof : Now from the primal and dual constraint, we have ( )h x 0≤  and ( )T
2 j 2 jy h u 0≥  

So ( ) ( )T 1 T 1
2 j 2 j 2 j 2 jy h x y h u 0− ≤  and ( ) ( )T 2 T 2

2 j 2 j 2 j 2 jy h x y h u 0− ≤
    

(3.4.9) 

Since T
2 j 2 jy h  is ρ-quasi invex with respect to η and in view of (3.4.9) for nx, u R∈ , we have 

( ) ( ) ( ) ( )2T T1 1 T 1 1 1 2 2 T 2 2 2
2 j 2 j 2 j 2 jx , u y h u x u 0, x ,u y h u x u 0   η ∇ + ρ − ≤ η ∇ + ρ − ≤     

( ) ( ) ( ) ( )T T1 1 T 1 2 2 T 2
2 j 2 j 2 j 2 jx , u y h u 0 and x ,u y h u 0   ⇒ η ∇ ≤ η ∇ ≤         (3.4.10) 

From the dual constraint (3.4.5), we have  
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( ) ( ) ( ) ( )1 T 1 2 T 2
1 1j 1j 2 2 j 2 jF u y h u 0 and F u y h u 0   ∇ λ + = ∇ λ + =     

Since ( ) ( )1 2J J1 1 2 2x , u R and x ,u Rη ∈ η ∈ , we have  

( ) ( ) ( ) ( ) ( ) ( )T T1 1 1 T 1 2 2 2 T 2
1 2J 2 j 2 2J 2 jx , u F u y h u 0 and x ,u F u y h u 0   η ∇ λ + = η ∇ λ + =     

( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( )T T T T1 1 1 1 1 T 1 2 2 2 2 2 T 2
1 2 j 2 j 2 2 j 2 jx , u F u x ,u y h u 0 and x ,u F u x ,u y h u 0⇒ η ∇ λ + η = η ∇ λ + η =   

Using (3.4.10), we get  

( ) ( )( )T1 1 1
1x ,u F u 0η ∇ λ ≥  

( ) ( ) ( ) ( ){ } ( ) ( )( )
kT T21 1 1 T 1 1 1 1 2 2 2

i i 1J 1j i i 2
i 1

x , u f u y h u g u x u 0 and x ,u F u 0
−

 
⇒ η ∇ λ + − ν + ρ − ≥ η ∇ λ ≥ 

 
∑  

( ) ( ) ( ) ( ){ }
k 2T2 2 2 T 2 2 2 2

i i 1J 1j i i
i 1

x , u f u y h u g u x u 0
=

 
⇒ η ∇ λ + − ν + ρ − ≥ 

 
∑    (3.4.11) 

Since F(u) is ρ-pseudoinvex with respect to η and (3.4.11), we get 

( ) ( ) ( )( ) ( ) ( ) ( )( ){ }
k

1 T 1 1 2 T 2 2
i 1i 1j 1j 1i 1i 2i 1i 1j 2i 2i

i 1
f x y h x v g x f x y h x g x

=

 λ + − + + − ν −  ∑  

( ) ( )( ) ( ) ( ) ( ) ( )( ){ }1 T 1 1 2 T 2 2
1i j 1j 1i 1i 2i 1j 1j 2i 2if u y h u g u f u y h u g u 0 + − ν + + − ν ≥  

 

( ) ( ) ( ){ } ( ) ( ) ( ){ }
k

1 T 1 1 2 T 2 2
i 1i 1i 1j 1i 1i 2i 1j 1j 2i 2i

i 1
f x y h x g x f x y h x g x

=

 ⇒ λ + − ν + + − ν ≥ ∑  

( ) ( ) ( ){ } ( ) ( ) ( ){ }
k

1 T 1 1 2 T 2 2
i 1i 1i 1j 1i 1i 2i 1j 1j 2i 2i

i 1
f u y h u g u f u y h u g u

=

 λ + − ν + + − ν ∑     (3.4.12) 

Since ( ) ( )T
1j 1j 1jh x 0 y h x 0 for y 0≤ ⇒ ≤ ≥   

So (3.4.12) implies that  

( ) ( ){ } ( ) ( ){ } ( ) ( ){ } ( ) ( ){ }
k k

1 1 2 2 1 1 2 2
i 1i 1i 1i 2i 2i 2i i 1i 1i 1i 2i 2i 2i

i 1 i 1
f x g x f x g x f u g u f u g u

= =

   λ − ν + − ν ≥ λ − ν + − ν   ∑ ∑  

( )( ) ( )( )Inf F x Sup F u⇒ λ ≥ λ  
 

Theorem 4.2  (Strong Duality) : 

Let x  be properly efficient solution of (MFPO) and a 
constraint qualification (Mangasarian [  ]) is satisfied. Then 

there exists a feasible solution ( )u y v w, , ,  for dual and 

corresponding objective values are  equal to zero. Furhter if 

( )u y v w, , ,  is feasible for dual, Fi(u) is ρ-pseudo invex 

and 
2 2

T
j jy h  is η –quasi invex then ( )u y v wx , , ,=  is 

properly efficient for (MFDO). 

Proof : Since x  is a properly efficient solution of (MFPO), 
it is optional for (MFP2). Then by lemma (3.3.3), we have 
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( ) ( )2 2

T
i J Jx xF y h 0∇ λ + ∆ =  

( )i xF 0= , 

( )2 2

T
J J xy h 0,∇ =   ( )T xy h 0,=  

0u 0 0≥ ν ≥  

These are nothing but the dual constraints. So ( )u y v w, , ,  

is feasible for dual. So the objective values of (MFP2) and 
(MFD2) are equal to zero. It follows from theorem 3.4.2 and 

for any feasible solution ( )u y v w, , ,  of dual 

( ) ( )u xF Fλ ≤ λ . So ( )y v wx, , ,  is optimal solution of 

(MFD2). Then applying  Lemma 3.3.1 and Lemma 3.3.2, 

we conclude that ( )y v wx, , ,  is properly efficient for 

(MFD0). 

 

V. CONCLUSION 
In this paper, we introduced three approach given by 
Dinkelbaih [11], Jagannathan [12] and Yang at.al [10] for 
both primal and mixed type dual of a nondifferentiable 
multiobjective frictional programming problem. The results 
developed in this paper can be further extended to second 
order mixed type fractional programming problem and 
nondifferentiable fractional programming problems. 
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