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Abstract-In the present paper some results are obtained Dyadic
components of the curvature tensor also Dyadic analysis is
done for Weyl Tensors. The obtained results are generalized
form of well known results in the field of general theory of
relativity.

Keywords: Dyadic Analysis, Weyl Tensor.
I INTRODUCTION

In the present work an attempt has been made to study
certain problems of general theory of relativity in terms of
Dyadics. These dyadics are expressed with respect to the
orthogonal space triad of an orthonormal space timetetrad
set up at a point. Under certain orthogonal transformation
of the tetrad field for which the time-like congruence do
not change the three space-time congruences change so
that the 3-dyadics and 3-vectors are introduced retain their
character and interpretation. The equations set up in this
formation bear a close relationship to corresponding
equations in Newman- Penrose Spinor formalism with
respect to a nulltetrad. According to following theorem by
Geroch namely "A necessary and sufficient condition for
a non-compact space time M to admit of a spin structure L
that M has a global field of orthonormal tetrads", it is
always possible to introduce orthonormal tetrads and
hence 3- dyadics and 3-vectors as suggested above,
whenever null-tetrads exist. We begin by introducing the
notation of a dyadic and usual operation on it.

1.1 Differentiation in 3-space of auxiliary triad.

The intrinsic derivatives along the congruence of the
orthonormal tetrad are given by
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Which are world scalars in which [rq* play the same role
as the coefficients of affine connections in Riemannian
space. But while the latter are symmetric in the first two
indices (for holonomic  co-ordinates),  [rst are
antisymetric in the last two indices and have only 24
components compared to 40 in the case of former.
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Now Tu being a world scalar T .~ .=
Hence successive intrinsic differentiation gives,
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Intrinsic differentiation of the relation
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and complete antisymmetrication with respect to Lorentz
indices give
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a set of 16 differential identities which are integrability
conditions of A’ as the world - lines of a whole set of
observers. It has been shown that vacuum space-times with
petrov types | Il or D weyl tensors can not be complex
recurrent.

In chapters IV an V we consider the motion of currents and
break up the strangled components of tensor

1
]A;w = Rv[/l;u] - g gv[/lR,u]

in two 3-vectors J and K and two traceless 3-dyauics J and

K for gravitational fields interacting with matter or with
electromagnetic fields. In the former case, we have
considered the perfect null and in the latter, both null and
non-null electromagnetic fields.

It is convenient to introduce a 3-vector operator to denote
covariant differentiation in the 3-space of the auxiliary
space-like congruences from equation 2.1:

Where D, are the ordinary derivatives in the 3-space and
are components of the 3-vector operator D which define
gradient, divergence and cunl. For the operator V, we have
the following formulae. If V is a 3-vector and M be a
symmetric

1
Vy= Qy—[N—E(trN)i—Lxl XV o 5

VV=DV—2L. V.t i e

3-dyadics,
VXy=DXv—NvVv—L XV i iesveie e el 17
VxM=
DXxM-—

%(trN)(trM)l RO I -
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YXM—MXZ=Q><M—MXQ—SM.N—3N.M—%><M+M><L+(trN)M+2(trM)N+2(N.M)1—
(€25 ) L €50 7 ) 1 RSP 1

V.M=D.M—-3LM~-NXM+(t;M)......1.10

2.2. Dyadic components of the curvature tensor:

The strangled components of the curvature tensor R;,,, can be splitinto  following manner.
R,i0; Containing two indices equal to zero.
Ry, Containing one index equal to zero.
Ry Containing no index equal to zero.

Here indices are Lorentz indices denoting components with respect to

ONT. And h, i, j, k take the values 1, 2, 3 strangled components can but be calculated using
[lelsrlk] =% [era [t —% rera 77 + [ptla I +%R5”” SSTTU R B i |

Where [t|sr|p] means s and r are excluded from antisymmetrisation.
Here follow the component of curvature Tensor.
RO — [0011 _ [1010 _ [112 [00 _ [113 [09 4 [012 [10 4 [013 [10 _ [101 [01 _ [102 [01 _ [103 [01
+ |—012 |—201 + |—013 r??l
Roto1 = =511 + Q11 + Aanps—ty) — A3(Nyp+1) — St1 — S12512 — S13513 + 2(w3s1; — w?sy3) + af + (42 +
(A3 =Qy
1
Ro203 = Rozoz = —S23 + 5{“2,3 +azy + ay(Nyy — Na3) — ay(Nyp — 13) + azs(Niz + 1)} — s12513 —
$23 (S22 + 833) + 51207 — Spw" — W3s13 + Wlszz + azaz — A%43 = Qy3
1
Ro123 = {5123 — S132} + (511N11 + s12N13 + S13N13) + hS13 — I35y — 2 (N11 + Noz + N33)sqq — (Spq + Spp +

S33N11-S11IN11+2512N12+4+28513NVI13+S22N22+4 28523V 234+S33NV33+12511+S8S22+4+S33N11+NV224+NV33+41,—N
1240343 +(V13—[2)A2+2alA]l-aldl+a2A2+a343=F11

1
Ro112 = Si1p — S121 + A3 + (No3 + L1)(Spp + 43) + 5(N11 — Npp + N33)(S13 — 4%) — (Ny3 — L) Sy, +
1
(Nyz + L3)(Sz3 + A1) — a3 (S12 = 4%) + (N3 + L) (S1z — 4%) + 5 (N1y — N + Na3)(Si3 + 4%) + a4 (Sp2 + 4°) +
1
(Ni3 = L2)S11 + 5 (Nig + Npz + N33)(Si5 + A?) = B3 + t?
1
Roza1 = 8321 — O120 — A315 — (N13 — 1) (S, — A3) + E(Nn — Npp 4 N33)(Sz3 + A1) + (Np3 + 1)S1; —
1
(Niz = 13)(S13 — A2) — ay(S1p + A3) = (N3 — 1) (S12 + 43) + E(Nn — Nyp + N33)(Sp3 — A') = —By3 + t!
1
Rosza1 = 8331 — 8133 + 4213 + (Nyp + 13)(Sy3 + A7) — E(Nm — Ny — N33)(Sz3 — AY) — (No3 — 1)Sy; +
1
(Ny3 + 1) (812 + 4%) = a3(Sy3 =A%) + N1z + 13)(S13 — A%) — 5 (Nyg — Ny — Na3)(Sz3 + A1) + az(S13 + A7) +
1
(Na3 = 11833 + 5 (N11 + Npp — N33)(Sz3 + AY) = Byz + t!

Ry3p3 = [223,3— 132324 [330[220— [331[221— 123320+ [231[321+ [320[023— [321[123—-
32323 - 123023+ [23[123+ [232[223

1
= —(N1z = l3)13 + (N3 + L)1z + S22533 + (Vo3 — L) (Npz + 1) — (Sz3 = AN (Sp3 + A1) — 7 (Nyg — Npp +
N33N1I+N22—- V33— wlS23—A1—14N11+NV22—-NV33N11-NV22—-N33—N13+L(224w1S23+A1— 14N11-N22+NV33
NI1I-NV22—-N33-N12-/32

= %{v XN—NXV—(VL+LV)}; +VL+LiL, +§(5 X ) + AA + A + At + i(an — N2 — N332 +
2N22N33-N232

= VXN = N XV = (VL + LW}y + LiLy +5 (S5)11 + A4 + 20141 + 2 (6 N)Nyy +5 (NEN)1 + {V.L -

1

Z(trN)z} = =Py
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R3112 = —(N12 + L3) ; — %(Nn — Noz + Ni3) 1 + (S — 4°)(S13 — 4°) +%(N23 + L) (N1 — Nyz — N33)
=811 (812 + A1) = (N3 — L) (V12 — L3) — w?(Syz — A°) +%(N23 + L) (Ny1 — Nyz + N33)
—%(Nn — Nop + N33)(Np3 — Ly) + w?(S1z + A%) — (Ny3 — L) (N + Lg)
+%(N23 — Ly)(N1; — Npp — N33) = —Pp3
Ra113 = (N13 — L2) 3 +% (Niy + Nop — N33) 1 + (S13 + 4%).(S12 + 4°) +%(N23 — L) (Ny1 — Nyp — N3z) —

1 1
S11(Sp3 = AY) — (Nyp + L3)(Ny3 + Ly) + 03 (S5 + 4%) + §(N23 — Ly)(Nyq + Nyy — N33) — 3 (N3 + L1)(Nyq + Npp —
N33— w3513 A2—N12+L3N13—L2+12NV23+LI(NV1I-NV22-V33)

Rtz =5 (Ra11z + Rariz) = (VX N = N X V = (VL + LV} + LyLs + 5 (S38)p3 + A24° + w20* + N2w? +
%(Nm + Npz + N33)Naz + (N12Ni3 — NigNp3) = —Po3
Ryjor = Qji,
Q=-s+;(Va+aV)-ss+aa+sxw-wxs—A4+ (44)1
Is a symmetric dyadic.
Ro123 = Bi1,Ro131 = Biz — %, Ro11z = Byz +t°
Roz33 = Biz +t% Rop31 = Byz, Roz1z = Baz — t! Rozaz = Bis +t!, Roszr = Bos +t% Roziz = Bis
Where
B = —%(2 xS —SxY) +%(24+42) +ad+a—(ad)l

Is a traceless symmetric dyadic and

1 1
t=-3VS+59(tS) -V xA+2(4 xa)

Ry323 = —P11,Ry331 = —P12, Ry312 = —Pi3

R3131 = =P, R3112 = —P23 , Ri212 = —P33
Where

1 1 1 1 1 1
P==2(YXN=-NxX9)+2(VL+LY) 5NN - NN —2S35 - Ad-wA-Aw— LL—{VA-7(tN?}1
Is a symmetric dyadic. We can write

1
P=—(E+ES;‘S)+44+94+AQ)

Where E = 2(Y XN = NxV) =5(VL+LY)+3 (6NN + 3NN+ LL+{VL -

(t,N)Z} 1
We have t,p = sN:N — 1 (t;N)? = 2V.L —LL— A A - 20 A
In case o¢" determine a normal congruence (4 = 0)

1
E=—P->Sis

and its six components give the six components of curvature tensor of the Riemannian 3-space orthogonal to 0¢". We also
have, in this case

V.E=0
3. Representation of curvature tensor in bi-vector space :
Strangled components of the Ricci tensor are given by
Ry = R'pg

these can be spiltinto R;; ,Ry; , Roo; i,j =1,2,3

ij

Ri1 =R 110 + R% 112 + R® 113 = —Ro110 + Ra112 + R3113
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= Rot01 + Ra112 + R3113 = Q1 + P + P33 = @1y — Py + 4P
Riz = R® 120 + R® 133 = Ro102 + R3123 = Q12 — Pr2
Ro1 = R% 12 + R% 913 = Rp012 + R3013 = Riza1 + Rogs1 = 2t
Roo = R 001 + R% 902 + R® 003 = Rigo1 + Ra012 + Raoos

= —(Ro101 + Ro202 + Roz03) = —(Q11 + Q22 + Q33) = —t,.Q

Hence the ten strangled components of the Ricci tensor correspond to a symmetric 3-dyadic
(t.P)1

a 3-vector t
and a scalar —(t.Q)
The scalar curvature R can be expressed as
R=R",=n"Ry; = —Roo + Ry + Ryp + R33 = 2(t, P + t,Q)
In the Orthonormal tetrad frame, Einstein's equations take the form
1
ZTrs = Rrs - ERnrs
Hence,
1
2Ty = Ry =R = Q11 — Piy —4,Q ,2T13 = Rz = Q12 — Ppp
2T01 = R01 = Ztl

2Ty = Rog +3R = —t,Q + t,P +£,Q = t,P

Hence the energy - momentum tensor breaks up into symmetric 3-dyadic T = % [Q—P—(t.Q)1]

3 - vector t
and scalar P = %(trP)

in the 3-space of auxiliary congruences

ISSN: 2349-4689

we know that curvature tensor R,,,.p is represented in a 6-dimentional bivector space by introducing the collective indices

01 1,02 2,03 ¢——>3

23— 4,31 ——>5,12——> 6

In terms of Q, P, B and ¢t the matrix (R43), A, B = 1,2,3, — — —6 has the representation
Q11 Q12 Q13 By Biy —t3 Bjs + t?
Q12 Q22 Q23 By, +t3 B, By —t!
_ Q13 Q23 Q33 Bz —t? By;+t! By
Ryp = B 3 2
u Bi; +t° Biz—t —Pyq —Py, —Py5
\312 -t B3 B+t —Pp —Py; —Pa3
Biz +t? By —t! B33 —Pi3 —Py3 —P33

i.e. Ryp = (;?T _Mp)wherey =B+tx1

Introducing the traceless symmetric dyadic
1 1
A= E[P +Q-3(tP+ trQ)l]
we have
1 1

Q=T+A-(P-3R)1,-P=T—4—(P-1R)1
where

R =2(t,T—P)
Hence (R,5) may be represented by T, A and B as

WwWw.ijspr.com
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A+T—(P—§R)1 B+tx1

fan = B—tx1 A—T+(;9—%R)1

2.4. Dyadic analysis of Weyl tensor:
In terms of the Ortho-normal tetrad corresponding to the decomposition
1
R}Ler = C/ll,rrP + gxl[rRP]y + R)l[rgP]y - gRgl[rgP]y
We have
1
Resry = Crstu + (nr[uEt]s - ns[uEt]r) + ER(nr[unt]s - ns[unt]r)
Where C,,, are the strangled components of Weyl tensor and
1
Ers = Rrs - ZRnrs
we have
1 1 1
Ro101 = Cor01 +5E11 —5Eoo + 5, R
1

1 1
= Coro1 +5R11 —5Ro0 =R

1 1 1
= Co101 +§(Q11 — Py +t.P) +§trQ —g(trP +t.Q)

ISSN: 2349-4689

1 1 1 1 1
Co101 = Q11 _E(Qll —Piy) +§(trP +t,.Q) —E(trP +t.Q) = E(Pn + Q11) +g(trp +t,.Q)

1 1
= E(Pn + Q11) —g(trp +t.Q)

Roz03 = Coz03 + §E23

1
= Coz03 + §R23

1
Q23 = Copo3 + E(ng — Py3)

1
Coz03 = §(P23 + Q23)

Ro123 = Co123
~ Co123 = Bn1

1 1
Ro221 = Coz21 + 5 E10 = Coz21 + 5 Ros

v Cogp1 =t; — Byz — 8t = —By3

1 1 1
Rysaz = Ca323 — 5 E33 =5 Ep — ;R
1 1 1 1
= Cysp3 —~Ry3 — Ry + 1R — LR
2323 ~;R3z =S Ry + "
1 1 1
= Ca323 =7 R33 —; Ry +CR

1 1 1
Cyz23 = —Piq +5(Q33 — P33 +t,.P) +5(sz — Py +t,.P) _E(trp-l-t‘rQ)

1 1 1 1 1
=Pu+5Py—56P—50Qn +§trQ+trP_§(trP+trQ)

2 2
= =2 (P +Qu) +5 (&P +£.Q)
R3112 = (3112 + %E23 = (3112 + %R23
= G112 +%(Q23 = Py3)

1 1
C3112 = —P23 —5(Q23 —Py3) = —§(P23 + Q23)

WwWw.ijspr.com
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= Coror = (323 = %(Pn +Q11) — %(t‘rp +6.Q) = An
Coz03 = —C3112 = A3
A=2(P+Q) —z(tP+1£Q)1
Hence the symmetric dyadic A and B together with t,A = t,.B =0
give the ten independent strangled components of wey! tensor.

5. Petrov type classification for A and B :

The five dyad components EO E Y Y and E of weyl spinor

corresponding to C;,,,.p are

EO = — apys lDlTTl'gly')’n(S

Y = —Capys 0P I'm?
fl apys n m

||

1
5 Capys (I U + 1*nfmrm’)
@3 = Ca/?yS l‘l'l'lﬁ‘l’lym(S

_ —p s
=—C n“m"n'm
f[l afys

From these components, we have

W, = Capys 1m ' (L)

. — ex ex\ (ef  eP\rev eV

le=—49 = Cupps (g +3 )(2 B )(0 +1)
—C exeferes eaefered evefered exefeved (exefered erefeved exefered
= aﬁyﬁ{ozoz to212 %1202 Y1212 _(0303 0313 t1303

elae3felye3s—ieOaefelye3ds+e0aelfelye3s+elaelfeOye3s+elaeclfelye3d+e0ae3felyeld+e0ae3felyel
d+elae3pfelyeld+elae3felyeld

=Coz202 + 2Co212 + C1212 — Co203 — 2Co313
—Ci313 — 1(2C0203 + 2Co213 + 2C1203 + 2C1213)
= Coz02 + 2Co212 — 2Co313 — Co303 + Ci212
—C1313 — 2i(Coz03 + Coz13 + Ci203 + C1213)

ZEO = (—Ayz + A3z — 2By3) + i(—Byz + Bz + 2453)

Similarly,
2@1 = —(A1p + Bi3) + i(A13 — B12) v ve cee e (L)
2@2 - PP 1 : 2PN ¢ 2
2 = —(A;; = Bi3) = i(Ag3 + B1z) oo oo e e (La)
2@4 = (—Ayz + A3z + 2By3) + i(—Byy + B3z — 24,3).. (Ls)
Hence
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Ay == (@, -0, -, +18,)

—0 0 —4

T2

A =3@, + 3+ (8, +2,+ 8, +7,)

We can choose the null tetrad so that @0 =0

(I# is a principal null vector of Weyl tensor). Then setting

we have the following representation for A and B.
A=-2quutdw+vu)+b(uo+twu)+@-avr+c(vo+tor)+@+aow; B=-2tuu+

b(uv +vu) +d(uw+wu) + E+vv+avw+wy)+ E - 0w w

For different Petrov types of Weyl tensor, we have for A and B,

Type -1: EO = $4 = 0(Two of the principal null vectors of Cy,,,,, are I* and n* )
A=-2auu+dw+vu) +b(uw+twu)+ivv+iow
B=-2tuu+bluvtvu) +dluw+wu)+tivv+iow

Type-2: EO = E = E = 0(I* A repeated principal null vector and n* a second principal null vector).

A=-2auu+duv+vu)+bluw+twu)+ivv+ivw
B=-2tuu+b(uv+vu)-duw+twu)+ivv+ivw
Type-D: QO = El = ﬂ = @4 = 0 (principal null direction of Cj,,,, arel*,1* ,n*,n#).

Ww;B=-2cuu+ivy+iww

ST}

A=—-2auu+avv+

(S

Type-3:p = 2 =y, = @4 = 0 (principal null directions of Cy,,,, are I#,I*,I*,nk).

A=duv+rvu)+buw+ww;B=b(uv+vu)-duw+wuw

Type-N: EO = El = EZ = Es = 0 (principal null direction of C,,,, are I# 1%, 1* , I#),
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